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What is the Kroll-Wada formula?
• Conversion coefficient ρ from photons to dileptons:
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• Used to relate number of real photons Nγ to number of dileptons
Nee :
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Application of Kroll-Wada in ALICE [1805.04391]Dielectron production in proton–proton collisions at
p

s = 7 TeV ALICE Collaboration
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Fig. 17: Fit of the e+e� cross section in pp collisions at
p

s = 7 TeV in the ALICE acceptance as a function of
mee in the range 3 < pT,ee < 4 GeV/c with the three-component function defined by Eq. (14). Statistical and
systematic uncertainties on the data are shown separately as vertical bars and boxes, respectively.

The following sources of systematic uncertainty are considered: (1) the fit range, (2) the systematic
uncertainties of the data, (3) the ones of the hadronic cocktail components, and (4) the normalisation
range. The fit is thus repeated in different mass intervals between 0.09 GeV/c2 and 0.39 GeV/c2. The
corresponding uncertainty is found to be relevant only in the pT intervals 2–3 GeV/c and 3–4 GeV/c. The
uncertainty arising from the systematic uncertainties of the data is evaluated by shifting all data points
coherently to the upper and lower limits of their systematic uncertainties and by repeating the fit pro-
cedure. The systematic uncertainties from the light-flavour and heavy-flavour cocktail components are
similarly estimated. The contribution of each light-flavour dielectron source is moved separately to its
upper and lower systematic uncertainties. The largest source of uncertainty originates from the h/p0 ra-
tio. In most of the pT,ee bins, this is the dominant source of systematic uncertainties. Finally, fLF and fdir
are normalised to the data in the range 0 < mee < 0.09 GeV/c2 to evaluate the normalisation uncertainty.
All systematic uncertainties are added in quadrature to obtain the total systematic uncertainty. In Fig. 18,
the ratio of inclusive to decay photon cross sections, i.e. Rg = sg

inclusive/sg
decay = 1/(1� r), is shown as

a function of pT. It is consistent with unity within the statistical and systematic uncertainties. Perturba-
tive QCD calculations at NLO [103] performed with the CT10 PDFs [104–106] predict a small ratio of
inclusive to decay photon cross sections over the measured pT range, compatible with the measurements
within uncertainties. The uncertainty band of the calculation is given by the simultaneous variation of
the factorisation, renormalisation, and fragmentation scales (with 0.5pT < µF < 2pT for the factorization
scale) used in the calculation. The upper limits at 90% confidence level (C.L.) on Rg , extracted with
the Feldman-Cousins method [107], are summarised in Table. 6. Gaussian distributions are assumed for
statistical and systematic uncertainties, which are treated independently and summed in quadrature. The
results are consistent with the Rg measured in pp collisions at

p
s = 8 TeV with the real photon analysis

performed by the ALICE Collaboration [30].

6 Conclusion

A measurement of e+e� pair production at mid-rapidity (|he| < 0.8) in minimum bias pp collisions atp
s = 7 TeV with ALICE at the LHC is shown. The results are presented as a function of the invariant

mass mee (0 < mee < 3.3 GeV/c2) of the e+e� pair, its transverse momentum pT,ee (0 < pT,ee < 8 GeV/c),
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QED 1 → 2 parton shower splitting
Fixed order hard process:
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Parton shower evolution:

γ
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• Unlike the fixed order computation the parton shower can be used
for low scales (Q = Mee)

• Provided production of photons/observable is IR-safe, there is no
need for a normalisation

• Parton shower splitting probability:
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• Evolution variable Q = Mee (virtuality ordering):
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Vincia 2 → 3 parton shower splitting
• Antenna function for γk → (ij)k splitting (ij = ee, k = recoiler):
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with yik = sik
s ≃ z , yjk ≃ 1− z in the collinear limit, and µ2

e = m2
e
s .

• Integrated probability:

dPγ→ee

dM2
ee

=

√
M6

ee − 2M4
eem

2
e − 2M4

ees + 8M2
eem

2
es +M2

ees
2 − 6m2

es
2

M2
ee − 2m2

e

· αe
2
e

(
−M8

ee + 2M6
eem

2
e + 2M6

ees − 5M4
eem

2
es −M4

ees
2 + 6m4

es
2
)

3πM4
ees

3 (−M2
ee + 2m2

e)

• Phase space factor visiblie in massless electron limit:
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Analytic vs Monte Carlo
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• Vincia antenna shower agrees with Kroll-Wada formula below 1
GeV for

√
Spp = 5.02 TeV

• Phase space factor (1−M2
ee/s)

3 drives suppression above 1 GeV



Analytic vs Monte Carlo
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• Vincia behaviour follows phase space factor, with a smaller
χ2/NDF than previous Kroll-Wada(S=1)



Dielectron ALICE predictions
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• All predictions are relatively flat
wrt. Kroll-Wada(S=1)

• POWHEG+VINCIA
normalisation agrees with
ALICE’s fitted Kroll-Wada

• kT ordered simple shower does
not capture normalisation

• Large scale uncertainties from
hard photon production in
POWHEG due to low pT

• Large K-factor from LO → NLO



Conclusion

• Modern splitting functions and parton showers reproduce
Kroll-Wada in the LMR, with explicit treatment of subleading form
factor S

• Kroll-Wada formula is valid for pointlike processes, S = 1

• Phase space factor (1−M2
ee/s)

3 important even at collider energies

• Tha approach accounts for higher-order effects, logarithmic
corrections, phase-space cuts, acceptance, and detector effects

• POWHEG+VINCIA provides reliable NLO normalisation instead of
need for fitting in Kroll-Wada

• POWHEG+SIMPLE doesn’t (can’t) have the correct normalisation
due to kT ordering instead of Mee virtuality ordering

• Future: Matching with virtual photon production in IMR and HMR
[2401.12875] with POWHEG+Vincia in the LMR [2506.23162]



Backup: DY contribution to IMR and HMR [2401.12875]
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• Combined total fit (w/o LMR) gives scaling by 0.23(17) (central)
and 0.06(20) (shape) for DY



Backup: Hadronic cocktail uncertainties [2401.12875]
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• Large scale uncertainties for dominant cc̄ contribution

• Shape uncertainty, each contribution normalized individually, shifts
uncertainty away from Mee ≈ mc towards larger masses


